Noname manuscript No.
(will be inserted by the editor)

Admission Control in Shared Memory Switches
Patrick Eugster · Alex Kesselman · Kirill Kogan · Sergey Nikolenko · Alexander
Sirotkin

the date of receipt and acceptance should be inserted later

Abstract Cloud applications bring new challenges to the
design of network elements, in particular the burstiness of
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data centers. We consider a model that captures more of the
properties of the target architecture than previous work and
consider several scheduling and buffer management algorithms that are specifically designed to optimize its performance. In particular, we provide analytic guarantees for the
throughput performance of our algorithms that are independent from specific distributions of packet arrivals. We furthermore report on a comprehensive simulation study which
validates our analytic results.

1 Introduction
The Internet is built around a large variety of network switches
that transfer data packets toward their destinations. If a burst
of packets destined to the same output port arrives, not all
packets can be transmitted immediately, and some should be
buffered or dropped. Allocation and availability of buffer resources to input and output ports, determined by the buffering architecture, affects burst absorption capabilities and performance characteristics of a network switch.
In the output queuing buffering architecture, packets arriving from input ports immediately join a corresponding
queue at the switch output port; buffering at the output ports
allows to control how these packets are transmitted out. In
the shared-memory switch architecture, output queues are
dynamically allocated from the same shared memory pool.
The main benefit of shared-memory switches is that the same
memory space can serve all output ports. However, complete
sharing may perform poorly under overload conditions [16]:
packets destined to the same output port can take over most
of the memory, preventing admission of packets destined to
other output ports that causes the total switch throughput to
drop. At the other extreme, shared memory can also simulate complete memory partition on the port-by-port basis.
In this case the traffic of each output port is fully isolated;
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this comes at the cost of memory underutilization, risking
higher drops during incoming traffic bursts. The flexibility
of shared memory allows the policies to balance tradeoffs
between complete sharing and complete partition.
Incorporation of additional input traffic characteristics
can significantly affect desired objectives. Packets can require different processing, so as a result each admitted packet
should be processed by the corresponding output port during
several “processing cycles” before it is actually transmitted.
Increased required processing in some packets may cause
congestion even for traffic with relatively modest burstiness
characteristics. In addition, traffic flows can have different
constraints, and to further differentiate incoming traffic each
packet may carry an intrinsic value. The need to account for
additional input characteristics leads to increased complexity of buffer management policies.
In this work we consider a shared memory switch with
multiple output ports, where a buffer of size B is shared
among all traffic. Each arriving packet is labeled with an output queue. Arrivals can be adversarial. The number of input
ports has no significance for the model since we process all
arriving packets at the same time, as a single burst. In stark
contrast to the seminal work of Aiello et al. [1], where packets have uniform values and processing requirements, in our
model each arriving packet has either processing requirement or value, that is, how much transmitting that packet
adds to the objective function.
In our study of these settings, we use the paradigm of
competitive analysis [6, 33]: an algorithm ALG is α-competitive for some α ≥ 1 if for any arrival sequence the total
value of packets transmitted by ALG is at least 1/α times
the total value of packets transmitted by an optimal offline
clairvoyant algorithm OPT. The final practical goal here is
to show how additional workload characteristics should be
taken into account for buffer management. Since all policies
we consider are greedy (they accept and transmit all traffic
if there is no congestion), extreme cases during congestion
periods can actually happen in such scenarios as big data
processing [8, 34, 35]. So worst-case results are of particular
importance here since they cover all possible cases, including extreme congestion or even adversarial traffic, that helps
define buffer management “rules of thumb” independent of
specific arrival distributions.
In the first part of this paper every incoming packet has
unit value but has processing requirement varying from 1
to k and has an output port label from 1 to n. In this case,
the objective reduces to maximizing the number of transmitted packets. We show that the Longest-Queue-Drop (LQD)
policy [1] is at least (n/2 − o(n))-competitive for sufficiently large buffer size B and maximal possible processing k (in cycles); we also show that Biggest-Packet-Drop
(BPD), a policy that pushes out packets with maximal processing requirement in case of congestion, degrades to at
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least (n + 1)/2-competitiveness. In addition we introduce a
natural Biggest-Average-Drop (BAD) policy that pushes out
a packet with maximal required processing from a queue
with maximal average processing requirements in the case
of congestion; we show the same lower bound of (n + 1)/2
for BAD. All lower bounds hold even for PQ (priority queueing) processing order, where packets are ordered in the nondecreasing order of their processing requirements, which was
shown to be optimal in the single-queue case [17]. The main
result of this work is the 2-competitiveness of a variant of the
Longest-Work-Drop (LWD) policy of [12] that holds in our
general model when packets with heterogeneous processing
requirements are processed in PQ order in each queue (Section 5). In addition we show that
 in the FIFO case of our gen
eral model, LWD is at least (logB/n k)(1 − 1/B) + 1 competitive.
In the second part of this paper we consider a model
where each incoming packet has, in addition to an output
port label, a heterogeneous value from 1 to V (and uniform
processing). In this case the objective is to maximize transmitted value. This problem was presented as an open question in SIGACT News [13, p. 22]. It might seem that the
model with values should be similar to the model with required processing since the greedy algorithm with PQ order and push-outs is optimal in both cases. However, we
show that in the shared memory case the Maximal-TotalValue-Drop (MTVD) policy, which is similar to LWD, is at
least V -competitive. We also turn to policies that combine
several characteristics and consider the Minimal-Ratio-Drop
(MRD) policy introduced in [12] that considers both queue
occupancy and the average value in the same queue. MRD
was conjectured in [12] to have constant competitiveness by
analogy with the case with required processing; here we disprove the conjecture, showing that MRD is at least V -competitive. This indicates that models with values and required
processing generalize from the single-queue case in a different way.
The paper is organized as follows. Section 2 contains
a brief survey of related work. Section 3 details the model
underlying our work. Section 4 considers lower bounds of
several algorithms for packets with heterogeneous processing requirements. The main result of this paper — 2-competitiveness of LWD policy for packets with heterogeneous
requirements — is presented in Section 5. Section 6 considers a model with heterogeneous packet values. In Section 7
we evaluate the empirical performance of the considered algorithms on synthetic traces, and Section 8 concludes the
paper.

2 Related Work
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Fig. 1: A sample time slot of Longest Queue Drop (LQD), Biggest Packet Drop (BPD), Biggest Average Drop (BAD), and Largest Work Drop
(LWD) policies with maximal processing k = 4, n = 4 output ports, and a shared buffer of size B = 8. Queues for each output port are shown
horizontally. Shaded packets are dropped during arrival.

Kesselman and Mansour [1] propose a non-push-out buffer
management policy called Harmonic that is at most O(log n)competitive and establish a lower bound of Ω( logloglogn n ) on
the performance of any online non-push-out deterministic
policy, where n is the number of output ports. Aiello et
al. [24] √
demonstrate that the LQD policy is at most 2- and
at least 2-competitive. Both works consider homogeneous
packet processing, where each packet requires a single processing cycle.
Eugster et al. [12] consider a limited variant of our model
where all incoming packets for the same output port have
identical processing requirements. But even in this case
the
√
√ 
work [12] proves that LQD is at least
k − o( k) -competitive. Fortunately, in [12] a generalization of LQD, namely
Longest-Work-Drop (LWD), was proposed for this limited
model; LWD is at most 2-competitive in case when packets are processed with minimal current required processing
first (PQ order). Besides, it was shown in [12] that BiggestPacket-Drop (BPD), which in case of congestion prefers to
drop packets with maximal processing requirements, is at
least log k competitive for B > k(k+1)
. Unlike the model
2
in [12] the model we consider in this paper allows for packets with heterogeneous processing requirements to be admitted to the same queue. This generalization has significant impact on the efficiency of considered policies and is
applicable to a number of real-world scenarios. The model
in [12] suggests to allocate a separate queue per processing
requirement per output port, but in this case constraints on
the maximal number of supported queues can significantly
limit applicability once k and n are growing.
Previous research efforts concentrated on studying algorithms for management of bounded buffers with provable
competitiveness guarantees [2–5,10,18–22,28,29], but none
of these models cover the case of packets with heterogeneous processing requirements. Survey by Goldwasser [13]
provides a comprehensive overview of results for these models. Adding into account heterogeneous processing requirements for the single queue case has been initiated in [17, 27]
and later extended for the multiple separated queues in [26].

Recently, [7,9] studied a combination of heterogeneous processing requirements with other traffic characteristics such
as packet values and deadlines for a single queue case; see
the survey [30] for an overview.
Pruhs [31] provides a comprehensive overview of competitive online scheduling for server systems. Note that in
server systems, scheduling usually concentrates on average
response time, while we focus mostly on throughput. Furthermore, scheduling of server systems does not allow jobs
to be dropped, which is an inherent aspect of our model due
to size limitations on buffers.

3 Model Description
We consider an 1 × n shared memory switch with one input
and n output ports and a buffer of size B, that is, the total length of all queues is bounded by B. We assume that
B ≥ n. The number of input ports have no significance
for the model: we process all arriving packets at the same
time, as a single burst. Each output port, on the other hand,
manages a separate output queue, denoted Qi for port i,
1 ≤ i ≤ n; the number of packets in Qi is denoted by |Qi |.
Each packet arriving at the input port is labeled with the
output port number d and its required work w in processing
cycles (1 ≤ d ≤ n and 1 ≤ w ≤ k), where k denotes the
global upper bound on required work per packet. Each Qi
implements either (i) priority queueing (PQ) processing order, where packets are processed in non-decreasing order of
required processing, or (ii) first-in-first-out (FIFO) processing order, where packets are processed in order of arrival. In
what follows, we denote by w | i a packet with required
work w intended for output port i; by h × w | i , a burst of
h w | i packets arriving at the same time. We also denote
by rt (p) the remaining required processing of a packet p at
time unit t. Time is slotted; we divide each time slot into
two phases (see Fig. 1). During the (1) arrival phase a burst
of new packets arrives at the input port, and the buffer management policy decides which packets should be admitted
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(more than n arrivals are allowed at the same time slot). The
arrivals are adversarial and do not assume any specific traffic
distribution. An accepted packet can be later dropped from
the buffer when another packet is accepted; in this case we
say that a packet p is pushed out by another packet q, and a
policy that allows this is called a push-out policy. During the
(2) transmission phase, required work of the head-of-line
packet according to the supported processing order (PQ or
FIFO) at each non-empty queue is reduced by one, and every
packet with zero residual work is transmitted. To facilitate
our proofs, we use some properties of ordered (multi-)sets.
These notions, as well as the properties we recall in this section, will enable us to compare the performance of our proposed algorithms. In the following, we consider multi-sets
of real numbers, where we assume each multi-set is ordered
in non-decreasing order. We will refer to such multi-sets as
ordered sets. We denote the i-th element of a set A by ai .
Given two ordered sets A and B, we say A  B if for every i for which both ai and bi exist, ai ≥ bi . The following
lemma, and its corollary, will be used in our analysis; their
proofs can be found in [25] (Lemma 1 and Corollary 2).
Lemma 1 For any two ordered sets A and B satisfying A 
B, and any two real numbers a, b such that a ≥ b, if (i) b ≤
b|B| or (ii) |A| ≤ |B| then the ordered sets A0 = A ∪ {a},
B 0 = B ∪ {b} satisfy A0  B 0 .
Corollary 1 For any two ordered sets A, B satisfying A 
B, and any real number b, if (i) b ≤ b|B| or (ii) |A| ≤ |B|
then the ordered set B 0 = B ∪ {b} satisfies A  B 0 .
4 The Quest for a Perfect Policy with Heterogeneous
Processing
In this section, we consider several possible candidates for
the “ideal” policy that might provide constant competitiveness in the model presented above. These algorithms either
look like natural candidates or have been proven to be efficient for uniform processing [1, 24]. Note that in our model,
each algorithm has two versions, with PQ and FIFO processing order in each output queue. By default, we assume that
every queue implements PQ order.
Longest-Queue-Drop (LQD): during the arrival of a packet p with output port i, denote by j ∗ = arg maxj {|Qj | +
[i = j]} where [i = j] = 1 if i = j and 0 otherwise (i.e.,
Qj ∗ is the longest queue once we virtually add p to Qi ; we
choose one with largest total required processing if there are
several); then do the following: (1) if the buffer is not full,
accept p into Qi ; (2) if the buffer is full, accept p into Qi
and push out last packet from Qj ∗ ; else drop p. Note that in
case (2), if i = j ∗ and p is the largest packet in Qj ∗ , p will
be “pushed out” itself, i.e., dropped.
Note that the proposed here version of LQD is not oblivious to processing requirements since it will drop a packet
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with a maximal processing from the longest queue in the
case of congestion.
In case of homogeneous processing, LQD
√
is at least 2- and at most 2-competitive [1]. For heterogeneous required processing, the situation is worse.
Theorem 1 For k ≥ n(n − 1) and B ≥ k + n, LQD is at
least (n/2 − o(n))-competitive.
Proof Over the first burst, there arrive B packets of each
of the following kinds: 1 | 1 , k | 2 , k | 3 , . . . , k | n .
LQD evenly distributes the packets among queues and has
B/n packets in each of its nonempty queues (throughout the
proof we assume that B is large and is divisible by everything we need it to be). OPT accepts (B−n+1)× 1 | 1 and
one each in the remaining queues. Every k processing cycles
there arrive 1 × k | 2 , 1 × k | 3 , . . . , 1 × k | n , so OPT
always has packets in these queues to work on, but there are
no more 1 | 1 s. OPT spends (B − n + 1) time to process
all 1 | 1 s (after that the arrival iteration is restarted); let
us count the number of processed packets by this time. OPT
will have processed (B−n+1) in queue 1 and (B−n+1)/k
in each one of n − 1 other queues. LQD will have the same
(B − n + 1)/k processed packets in each queue but the first,
and in the first queue LQD will have processed B/n since
there are no more packets in first queue. Thus, the overall
competitive ratio is
(B − n + 1) + (n − 1) × B−n+1
k
,
B−n+1
B
n + (n − 1) ×
k
and for k = n(n − 1) we get
(B − n + 1) + B−n+1
(B − n + 1)
n
≥
≈ n/2,
B−n+1
B
2B
n +
n
n
as needed. t
u
The next two algorithms drop packets with the largest
processing requirement in case of congestion.
Biggest-Packet-Drop (BPD): during the arrival of a packet p with required work w and output port i, denote by
Qj the nonempty queue that contains a packet pmax with the
largest processing requirement wmax ; then do the following:
(1) if the buffer is not full, accept p into Qi ; (2) if the buffer
is full and w < wmax , push out pmax from Qj and accept p
into Qi ; (3) if the buffer is full and w > wmax , drop p.
Biggest-Average-Drop (BAD): during the arrival of a
packet p with required work w and output port i, denote by
Qj the nonempty queue with largest average processing requirement w̄max ; then do the following: (1) if the buffer
is not full, accept p into Qi ; (2) if the buffer is full and
w < w̄max , push out packet with maximal work from Qj
and accept p into Qi ; (3) if the buffer is full and w > w̄max ,
drop p.
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Theorem 2 BPD and BAD are both at least (n + 1)/2competitive.
Proof The hard instance is as follows: every time slot, there
arrive B × 1 | 1 followed by B × 2 | 2 , . . . , B × 2 | n
(a full set of packets); BPD and BAD both accept only B ×
1 | 1 and keep processing one packet per time slot, i.e.,
2 packets per 2 time slots, while OPT is free to accept the
packets evenly and get 2 + 2/2 + . . . + 2/2 packets per 2
time slots, getting the bound as n+1
u
2 . t
Largest-Work-Drop (LWD): during the arrival of a packet p with output port i and required processing w, denote
by j ∗ = arg maxj {Wj + [i = j]w} where [i = j] = 1 if
i = j and 0 otherwise, and Wj is the total required processing of all packets in queue Qj (i.e., Qj ∗ is the queue with
the largest total required processing once we virtually add
p to Qi ; we choose the one with the largest single packet if
there are several queues with largest work). Then do the following: (1) if the buffer is not full, accept p into Qi ; (2) if
the buffer is full and w is smaller than the required processing of at least one packet in Qj ∗ , push out the largest packet
from Qj ∗ and accept p into Qi ; else drop p.
Theorem 3 LWD with FIFO processing order is at least
(logB/n k)(1 − n/B) + 1-competitive.
Proof Consider LWD with n output ports and suppose that
n divides B. Let a = B/n. For every output port i, there
arrive 1 × k | i followed by (a − 1) × k/a | i . OPT discards k | i and accepts all k/a | i . After (a − 1)k/a processing steps, LWD has a × k/a | i in every queue and
has not yet transmitted any packets, while OPT has transmitted the additional (a − 1) packets. The next arrival is
(a − 1) × k/a2 | i for every i. Since the processing order is
FIFO, after accepting all these packets LWD has k/a | i as
HOL (head of line packet) followed by (a − 1) × k/a2 | i
and OPT has only (a − 1) × k/a2 | i in every queue. After (a − 1)k/a2 processing steps, LWD has a × k/a2 | i
in each queue and has not yet transmitted any packets, but
OPT has transmitted all (a − 1) packets. Next we repeat the
above arrival sequence for packets of size k/a3 , . . . , k/am ,
until k/am = 1, i.e., for loga (k) steps. On every step, OPT
transmits (a − 1) × n packets and LWD transmits nothing.
After all these steps, a × 1 | i has arrived in every queue,
so after a processing cycles both OPT and LWD transmit B
packets and finish with empty buffers. Thus, the total number of packets that LWD transmits is B, and the total number
of packets transmitted by OPT is n(a−1) loga k+B, getting
loga k)
the ratio n·((a−1)
+ 1. Recall that we had a = B/n,
B
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so the final ratio is
n/B) + 1. t
u

n·(B/n−1) logB/n k
B

+ 1 = (logB/n k)(1 −

5 Scheduling with Heterogeneous Processing
To avoid ambiguity during the arrival phase, a reference time,
usually denoted by t, should be interpreted as the arrival
time unit of a single packet. If several packets arrive at the
same time slot, we consider them independently, in the sequence in which they arrive. The arrival phase operates with
the time unit resolution, while processing and transmission
phases still operate only with the time slot resolution.
We introduce the class of semi-greedy algorithms SG.
A semi-greedy algorithm G ∈ SG accepts a packet if G’s
buffer is not full. G is defined by an iteration. An iteration
begins during the first time unit ts , when G’s buffer becomes
full and ends on the first time unit te when G has transmitted
at least B packets since ts . To simplify analysis, we also
assume that any G ∈ SG drops the content of its buffer at
the end of an iteration at time td , te ≤ td < te + 1, without
gain to its throughput.
In what follows we consider an artificially enhanced version of the optimal algorithm OPT to analyze an online algorithm G: (1) OPT never pushes out admitted packets (since
OPT is offline, it is clear that this property can be satisfied);
(2) at the end of an iteration, OPT flushes out all packets residing in its buffer with extra gain to its throughput (in this
case, the throughput of OPT is no worse than any other optimal algorithm); (3) if at time t, G transmits out of port i,
then OPT immediately transmits the first packet q (in PQ
order) out of port i (if q exists) regardless of its remaining work value rt (q), with extra gain to OPT’s throughput;
again, clearly we only make OPT better.
Note that by definition, for a given sequence of inputs all
algorithms in SG with the same processing order accept and
transmit the same number of packets between starting with
an empty buffer and the first moment of congestion (first
moment when the buffer is full). With PQ processing order,
moreover, no algorithm can transmit more packets from this
sequence over this time. And, by definition, at the end of an
iteration an SG algorithm has an empty buffer. The difference in the number of packets remaining at the end of an
iteration (just before td ) is irrelevant since all these packets
are dropped at time td . Since during [ts , td ) any semi-greedy
algorithm G transmits at least B packets, adding less than B
packets to OPT’s throughput for free by property (3), increasing the total competitiveness of G by at most 1. The
general idea of our analysis here is similar to [23] but the
definition of an iteration and the analysis of what happens
during an iteration and between two consecutive iterations
are completely new.
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We denote by tb the first time unit after the end of a
previous iteration or the time unit of the first arrival in the
system. Since a semi-greedy G and OPT both clean their
buffers at time td , it suffices to compare performance of G
versus OPT only during [tb , te ]. The class of semi-greedy
algorithms is based on a well-structured accounting infrastructure that makes it possible to analyze online buffer management policies with various characteristics rigorously. We
assume that every queue implements priority queueing (PQ),
where all packets in the same queue are ordered in nondecreasing order of required processing. For simplicity, we
denote queue Qi of an algorithm ALG by Ai , where A is the
the first letter of the name of the considered algorithm (e.g,
Oi and Gi are the i-th queue of OPT and a semi-greedy G).
We treat queues as ordered sets in the sense of Lemma 1 and
correspondingly write Ai ≤ Bi for two queues if for every
slot in the queue where both Ai and Bi have packets pA and
pB respectively, w(pA ) ≤ w(pB ).
The latency latA
t (p) of a packet p ∈ Ai at time t is the
number of time slots currently needed to transmit p out of
Ai , that is, the sum of required processings rt for p and all
packets that are before p in queue Ai . We define the latency
of an already transmitted packet as −1 and the latency of a
packet that has not yet arrived as ∞. An i-th port or queue
of ALG’s buffer is called active at time unit t if it transmits
during t; otherwise, it is called idle. Note that due to property (3) in the definition of OPT, at this point it is unclear if
our version of OPT can transmit more packets than a semigreedy G during [tb , ts ), and theoretically it can happen. To
show that OPT does not transmit more packets than a semigreedy algorithm G during [tb , ts ), we formulate the following lemma; the lemma also proves an even stronger result
(2) which will be used in the proof of the key Lemma 3.
Consider an interval of time I, I ⊆ [tb , td ). We denote by
SIA the set of packets transmitted by algorithm A during I.
Lemma 2 For a semi-greedy algorithm G with PQ processing and time unit t ∈ [tb , ts ) between two consecutive iterT
ations, (1) S[tOP
≤ S[tGb ,t] ; (2) for every 1 ≤ i ≤ n, at
b ,t]

time unit t Gi  Oi and |Gi | ≥ |Oi |.
Proof The proof proceeds by induction on the number of
time units. During the first arrival of a packet p to Qi at
time tb , since G is greedy, G accepts p, so the induction
base follows. Assume that the lemma holds during [tb , t),
t ∈ [tb , ts − 1]. We are to show that the lemma holds during
time unit t.
Processing and transmission: the induction step holds
by induction hypothesis for all empty queues or queues with
head-of-line packet whose remaining processing is at least
one. Consider any active queue index i, 1 ≤ i ≤ n. If both
Oi and Gi are nonempty just before t, by the induction hypothesis we have Oi [1]  Gi [1]. If Gj is active at time unit
t + 1, then by definition of OPT (property (3)) Oj is also
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active (even if there are additional processing cycles in the
HOL packet), and the induction step follows.
A packet p arrives to Qi : during the arrival phase, the
number of transmitted packets is unchanged, so condition
(1) follows. Since there is no congestion during [tb , ts ), G
accepts all arrivals. By the induction hypothesis, at the end
of time unit t − 1 we had Gi  Oi and |Gi | ≥ |Oi |. Thus, if
OPT accepts, by condition (2) follows Lemma 1(ii) at time
unit t. If OPT does not accept p to Oi , condition (2) follows
by Corollary 1(ii). t
u
The Largest Work Drop (LWD) policy belongs to the SG
class. The rationale behind LWD is to minimize the duration
of an iteration. It can be done by optimizing a “local” state
of LWD buffer, and that is why we suggest to drop packets
from a queue with the largest total required processing. Our
plan is as follows. By Lemma 2, between two consecutive iterations OPT does not transmit more than LWD. We denote
by T the number of packets transmitted by LWD between
two consecutive iterations. Later we are to show that during
[ts , td ) LWD transmits B packets no later than OPT transmits B packets. Since at td OPT contains at most B packets,
during [tb , te ] OPT transmits at most T + 2B, whereas LWD
transmits T + B packets.
Next, we define red and white packets in a buffer. For
any time interval I 0 = [ts − 1, t], t ∈ [ts − 1, td ), during an
D
packets with minimal
iteration we say that the B − SILW
0
latency in LWD buffer are colored in red; those are the first
D
B − SILW
packets that will be transmitted out by LWD
0
unless new packets arrive and change the situation. Every
other packet in LWD buffer is colored in white. Packets that
cease to be red are immediately recolored in white again.
We denote by Ri the set of all red packets in Li . Lemma 3
contains the main ideas of this upper bound.
Observation 4 If a packet pj ∈ Li is red then every pl ∈ Li
is red for 1 ≤ l ≤ j − 1.
Lemma 3 For every packet pl ∈ Oi , 1 ≤ l ≤ |Oi | and
1 ≤ i ≤ n, at time unit t ∈ (ts , te ) either (1) there is a red
packet ql ∈ Li such that rt (pl ) ≥ rt (ql ), or (2) for every
D
red packet q at LWD buffer, rt (pl ) + W (Ri ) ≥ latLW
(q),
t
where W (A) is the total remaining processing time for all
packets in a set A.
Proof The proof is by induction on time units.
Base: Consider time unit ts − 1. By definition of iteration, at the end of ts − 1 LWD’s buffer is full. Since LWD
is semi-greedy, by Lemma 2 at time ts − 1 Li ≤ Oi and,
therefore, Ri ≤ Oi for every i ∈ [1, n]. Thus, the induction
base follows.
Hypothesis: Assume that the lemma holds for every time
unit t0 ∈ [ts−1 , t), t < td . We are to show that it holds at the
t-th time unit.
Induction step.
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Processing and Transmission: consider a time unit t
that represents the processing and transmission phase. At
time t, every nonempty queue Li is either active (in this
case Oi is active too regardless of how many processing cycles remains in HOL packet of Oi by property (3) in the
definition of OPT) or the processing cycles of HOL packets of Li and Oi are decreased by one. Assume that during
t ∈ (ts , te ), Oj is active and transmits a packet p; while Li
is idle. In this case by condition (2) LWD’s buffer does not
contain any red packet that means the iteration is already
over, hence, t ≥ te , which is a contradiction.
Arrival of a packet p to Qi : Note that if OPT accepts
p, its buffer has free space since by definition OPT never
pushes out already accepted packets.
OPT and LWD reject p: the hypothesis holds at time t.
OPT accepts p, but LWD rejects: LWD’s buffer is congested. Furthermore, since p is rejected by LWD, its required
processing exceeds that of any packet in Li . Suppose that p
is at the l’s position in Oi after acceptance, l ≤ |Oi |. If
ql ∈ Li is red, condition (1) holds (the required processing
of p is at least the required processing of any packet in Li , including all red packets in Li ). If ql ∈ Li is white or l > |Li |,
assume that there is a red packet whose latency is more than
rt (p)+W (Ri ). If l > |Li |, rt (p)+W (Ri ) = rt (p)+W (Li )
that is (by definition of LWD) at least W (Lj ) since p is rejected. Thus, condition (2) holds. If ql ∈ Li is white then
rt (ql ) + W (Ri ) ≥ W (Rj ), for any j ∈ [1, n] (by definition of red packet); rt (ql ) ≤ rt (p) (otherwise, LWD will not
drop p). Therefore, condition (2) holds, and the induction
hypothesis holds too.
OPT and LWD accept p: 1. If rt (p) is less than at
least one red packet in Li then p is recolored in red and
the last red packet in Li is recolored in white. Since no
new red packets are added to the queues other than Li , condition (1) holds in these queues. By Theorem 1(i), condition (1) holds for any red packet in Ri . Next we show that
condition (2) continues to hold for any OPT packet that is
not covered by condition (1). Since the maximal latency
among red packets does not increase for any queue except
j, condition (2) holds. Consider a packet ul ∈ Oj corresponding to ql recolored from red to white; by condition
(1) of the induction hypothesis, rt (ul ) ≥ rt (ql ). Therefore,
rt (ul ) + W (Rj ) ≥ rt (ql ) + W (Rj ), and (2) holds.
2. If the value of rt (p) is at least the required processing
of any red packet in Li then if rt (p)+W (Ri ) is less than the
latency of some red packet in LWD’s buffer, recolor p in red,
but the red packet ql with a maximal latency in LWD’s buffer
recolor in white. Otherwise, p remains white. If p is white
then the condition (1) follows by the induction hypothesis.
Since p is white, rt (p) + W (Ri ) is at least the latency of any
red packet in LWD’s buffer (otherwise, p is recolored in red).
If p is recolored in red, condition (2) follows similar to the
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case 1. Since only Qi is affected, condition (1) is satisfied
for any Qm , m 6= i and holds for Qi by Lemma 1(ii).
OPT rejects, LWD accepts: 1. Consider the case when
LWD’s buffer is not congested. (i) If rt (p) is at least the
remaining processing of some white packet in Qi , the set of
the red packets is not changed. Also since OPT rejects p the
set of OPT’s packets is not changed also. Hence, conditions
(1) and (2) hold. (ii) Otherwise, if rt (p) + W (Ri ) is less
than the latency of the red packet q with a maximal latency in
LWD’s buffer then recolor p in red and q in white. Denote by
p an OPT packet in the position |Ri |+1 of Oi . If |Oi | > |Ri |
just before p is arrived, rt (p) + W (Ri ) is more than the latency of q. Hence, rt (p) + W (Ri ) > rt (p) + W (Ri ) and
therefore, rt (p) > rt (p). Thus, condition (1) holds. Condition (2) holds similar to case 1.2. LWD’s buffer is congested.
If a white packet is pushed out, we can drop it and run the
case when the congestion did not occur as in case 1. If the
pushed out packet is red then recolor a new packet p in red
and apply case (ii). t
u
We can now state the main result of this section.
Theorem 5 For a shared memory n×n switch with a buffer
B
B, LWD is at most 1+ T +B
-competitive, where T is the minimal number of packets transmitted between any two consecutive iterations.
Proof By Lemma 3, during (ts , te ) OPT cannot transmit
more packets than LWD. Note that during te it is possible
that OPT transmits L more packets than LWD, 0 ≤ L < N .
By definition of OPT, at the end of an iteration OPT gets all
remaining B −L packets for free, and its buffer is empty. By
Lemma 2, between two consecutive iterations OPT cannot
transmit more than LWD. So if OPT transmits T ≥ 0 packets between two consecutive iterations, P packets during the
iteration, the OPT’s throughput is at most T + P + B − L =
T + 2B, whereas LW D transmits T + P − L = T + B.
B
Thus, LWD is at most 1 + T +B
-competitive. t
u

6 Scheduling with Heterogeneous Values
In this section, we consider a model with values: each incoming packet has an output port from 1 to n and an intrinsic value from 1 to V ; in this model all packets have uniform
processing requirements. The objective is to maximize the
total transmitted value. Similar to the model with heterogeneous processing requirements, the work[12] showed
that
 √ 
√
3
3
k−o
k in the model with values LQD is at least
competitive. In Section 5, we have shown that LWD with PQ
processing is 2-competitive in the model with heterogeneous
processing requirements. Therefore, we begin with LWD’s
counterpart for this model: the Minimal-Total-Value-Drop
policy (MTVD) that has packets in each queue sorted in
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non-increasing order of values; MTVD tries to process and
transmit packets with maximal value first but in case of congestion MTVD drops a packet with minimal value. Proofs
of all results in this section can be found in the Appendix.
Minimal-Total-Value-Drop (MTVD): during the arrival
of a packet p with output port i and value v, (1) if the buffer
is not full, accept p into Qi ; (2) if the buffer is full and v exceeds the minimal value of some packet, push out a packet
with the smallest value from the buffer and accept p into Qi ;
else drop p.
For a single queue, MTVD is optimal by reasoning similar to LWD. Unfortunately, this does not generalize to the
shared memory switch, as the following theorem shows.
Theorem 6 The Minimal-Total-Value-Drop (MTVD) algorithm is at least V n−(n−1)
-competitive in the model with
V
values (this is n − o(n) unless V = o(n)).
Proof In the first burst, there arrive B packets with value V
for output port 1 and B packets with value V − 1 for every
other output port 2..n. MTVD accepts B packets to the first
queue, while OPT accepts B/n packets to each queue. In
B/n steps, MTVD will have transmitted total value BV /n,
while OPT will have transmitted total value (V +(V −1)(n−
1))B/n, and the first burst repeats, getting the bound. t
u
Theorem 6 shows that in the model with values the total
value characteristic is insufficient and additional parameters
should be included if an “ideal” online policy that achieves
a constant competitiveness exists. This is why the work [12]
introduced the Maximal-Ratio-Drop policy that considers
both buffer occupancy and values as a potential policy that
achieves constant competitiveness.
Maximal-Ratio-Drop (MRD): during the arrival of a
packet p with output port i and value v, denote
j ∗ = arg max{|Qj |/Vj },
j

where Vj is the total value of packets in queue j and |Qj | is
the queue length; then: (1) if buffer is not full, accept p into
Qi ; (2) if buffer is full and v exceeds the minimal value of
a packet from queue Qj ∗ , push out a packet from Qj ∗ with
minimal value and accept p into Qi ; else drop p.
Theorem 7 The Maximal-Ratio-Drop (MRD) algorithm is
at least V -competitive if n ≥ B − V 2 + 1.
Proof In the first burst, there arrive 2(m − 1) packets of
value 1 destined to output ports [1, m − 1], 2 packets per
port, followed by B packets of value V destined to output
port m, where B > V is the buffer size and m = B−V 2 +1.
OPT accepts only packets of value V accruing the total value
of BV . On the other hand, MRD accepts just V packets of
value V at which point the ratio of the length to the average
value becomes 1 and it retains m − 1 packets of value 1
gaining the total value of V 2 + m − 1. Thus, the competitive
BV
ratio of MRD is V 2 +m−1
=V. t
u

7 Simulations
To validate our theoretical results, we have conducted an extensive simulation study. While it would be best to use real
life traces for testing, available datasets such as CAIDA [15]
cannot be used for our setting. The problem is that real life
traces, which describe packets independently of the networking hardware, neither can contain processing requirements,
as these requirements heavily depend on specific router configurations, nor can provide sufficient information about the
hardware and network processor configuration to determine
the time scale (which packets go into the same time slot),
which directly affects traffic burstiness. We have opted for
simulations as opposed to deployments to understand the
impact of traffic characteristics such as required processing
since infrastructures are optimized with fairness in mind.
We have thus conducted four series of experiments on
synthetic traces, studying how performance depends on maximal required processing k, buffer size B, number of queues
n, and packet stream intensity λon . The actual optimal algorithm in our model is hard to compute, so as OPT we used
an algorithm which is better than optimal: a single priority queue of size B that holds all packets, processes smallest packets first, and has n output ports (processing cores),
where every port can process packets on every time slot regardless of output port label. This algorithm is optimal in
the single queue model [17], so in our model it performs
even better than optimal. Traffic was generated by 100 independent sources, each source a Markov-modulated Poisson
process (MMPP) with intensity λon in the “on” state and 0
in the “off” state; MMPP generation is known to be an adequate synthetic model for network traffic [14, 32].
To model congested situations when some output queues
become congested but others do not, we have used skewed
heavy-tailed distributions: for the output port, we used the
zeta (Zipf) distribution, p(k | s) ∝ k −s ); for required processing, we randomly chose a subset of output ports where
processing is expected to be high (with mean 3k/4) and
skewed the other ports to have packets with smaller required
processing (with mean k/4). This setup lets us better model
real life situations where peak loads often contain packets
destined to a few output ports, and some ports have heavier
packets than others.
We ran all experiments for 106 time slots with periodic
“flushouts”, in effect averaging the competitive ratio over
10 runs of 105 time slots each. In our experiments, this has
proven to be sufficient for stable results.
Figure 2 shows simulation results in terms of competitive ratio, i.e., ratio between the number of packets transmitted by a given algorithm to the number of packets transmitted by the “better than optimal” reference algorithm OPT.
Note that if the competitive ratio with “better than optimal”
OPT is close to 1, and in our experiments the ratios are of-
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Fig. 2: Simulation results: ratio between number of successfully transmitted packets for processing models and number of
packets transmitted by the optimal algorithm OPT as a function of (1-3) maximal required processing k, (4-6) buffer size B,
(7-9) number of queues n, (10-12) packet stream intensity λon . Specific simulation parameters are shown in graph captions.
ten around 0.9, it is clear that the policy achieves excellent
results in absolute terms, not only in comparison with other
(perhaps simply equally bad) policies.
In the first set of simulations (Fig. 2(1-3)), we study performance as a function of the maximal required processing k. As expected, algorithms with PQ queues consistently
outperform their FIFO counterparts. Among the algorithms
themselves, the worst algorithm by far is the appropriately
named BAD. With PQ queues, for smaller B BPD and LQD
compete for second place and LWD outperforms them both;

for large values of B LQD catches up with LWD: for larger
buffers heavy packets are pushed out even by this version of
LQD. With FIFO queues, LQD becomes noticeably worse
and LWD has a much larger margin; for small B, LWD with
FIFO queues exhibits performance close to the PQ-based
policies. In the second set of simulations (Fig. 2(4-6)), we
study performance as a function of the buffer size B; (4) and
(5) show relatively small values of k, and (6) covers the case
of large buffers and large required processing. Again, we
see that FIFO queues lose to PQ queues, and BAD remains
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drops packets from the queues with largest total processthe worst algorithm overall. LWD is again the best policy in
ing in case of congestion; this is a significant improvement
this case both with PQ and FIFO queues for smaller values
over [12], as our generalized model requires different proof
of B, but for very large buffers LQD catches up, and the
methods. In addition, we consider a model with heterogeFIFO version in some cases even overtakes LWD by showneous packet values and provide lower bounds that show that
ing the tradeoff between maximization of active ports vermany natural candidates, proven to work well in other setsus minimization of total required processing in these settings, fail to achieve constant competitiveness. Simulations
tings. In the third set of experiments (Fig. 2(7-9)), we look
confirm our analytical findings and in particular demonstrate
at performance as a function of the number of queues n.
the relevance of worst-case analysis results for understandAll algorithms obviously degrade in performance as n ining overall (average) performance.
creases compared to OPT because for OPT the increase in
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